Abstract. Let X be a toric variety and u be a normalized symplectic potential of the corresponding polytope P . Suppose that the Riemannian curvature is bounded by 1 and ∂P u dσ < C1, then there exists a constant C2 depending only on C1 and P such that maxP u < C2.
Introduction
Let X be a Kähler manifold with Kähler class [ω] . The candidates of the canonical metrics in [ω] are extremal metrics in the sense of Calabi [5] . Calabi [4] also proposes an analytic method to search for his extremal metrics. This analytic method is usually called the Calabi flow whose equation is ∂ϕ ∂t
where ϕ is a Kähler potential, R ϕ is the corresponding scalar curvature and R is the average of the scalar curvature. It is conjectured by Chen [11] that the Calabi flow exists for all time. When X is a toric variety, it is shown in [22] that the obstructions of the long time existence are the regularity theorem and the non-collapsing property of the Calabi flow. Later, Streets establishes the regularity theorem 1 of the Calabi flow in [26] . Recently, Chen's conjecture has been confirmed in [21] when X = C 2 /Z 2 + iZ 2 and the initial metric is invariant under the translation of the imaginary part of the complex variables.
In this note, we are interested in the long time behavior of the Calabi flow on a toric variety. In fact, it is expected that the long time behavior of the Calabi flow should be related to the stability of the manifold.
When (X, L) is K-unstable, assuming the long time existence of the Calabi flow on a toric variety X, the geometrical phenomenas are clear by the work of Székelyhidi [27] . More explicitly, assuming the long time existence of the Calabi flow on a toric variety, he proves that the infimum of the Calabi Date: May 15, 2012 . The research of the author is financially supported by FMJH (Fondation Mathématique Jacques Hadamard). 1 Chen and He established the weaker regularity theorem in [10] energy is equal to the supremum of the normalized Futaki invariants of all destabilizing test configurations, confirming a conjecture of Donaldson [19] . The remaining case is that when (X, L) is K-stable, if we assume the Calabi flow exists for all time, what will happen? We recall that Yau [32] , Tian [30] and Donaldson [13] conjecture that the K-stability of (X, L) is equivalent to the existence of cscK metrics. Thus we should try to understand the long time behavior of the Calabi flow by assuming that there exists a cscK metric in the Kähler class. In fact Donaldson [18] conjectures that if there exists a cscK metric in the Kähler class and if the Calabi flow exists for all time, then it should converge to a cscK metric. The work in [21] confirms Donaldson's conjecture when X = C n /Z n + iZ n . This work also suggests that if there exists a cscK metric in the Kähler class, then the curvature along the Calabi flow should be uniformly bounded. Thus we modify Donaldson's conjecture as in [23] . We can write down the K-stability condition explicitly when X is a toric variety. Let P be the Delzant polytope corresponding to (X, L) through moment map. We also define the extremal function θ which is an affine function satisfying the following equation
for all affine function u. The relative K-stability can be interpreted as in [13] :
for all rational piecewise linear function f and the equality holds if and only if f is an affine function.
There is another stability condition introduced by Székelyhidi [29] . Let C ∞ be the set of continuous convex functions onP which are smooth in the interior. Let us fix a point x 0 ∈ P . For any u ∈ C ∞ , we say u is normalized if u(x 0 ) = 0 and Du(x 0 ) = 0. The uniform stability of Székelyhidi states as follows:
For the purpose of analysis, we will use the analytic version of uniform stability from [13] . Definition 1.3. (X, P ) is analytic uniform K-stable if there exists a constant λ > 0 such that for any normalized u ∈ C ∞ , we have
When the complex dimension of X is one, Conjecture (1.2) is proved by Chen [8] and Chen-Zhu [12] . When X is a toric surface, Conjecture (1.2) is proved in [23] if (X, P ) is analytic relative K-stable. In this note, we extend the above mentioned results by removing the dimensional constraints. Our main theorem states as follows: [31] .
Assuming the curvature of the Calabi flow is uniformly bounded, our method also leads us to provide a proof of a conjecture due to Apostolov, Calderbank, Gauduchon and Tønnesen-Friedman [3] . The conjecture states as follows: 
where E i is a stable subbundle, 1 ≤ i ≤ l.
When l = 1, the conjecture is proved in [2] . In [3] , the authors show that to prove Conjecture (1.6), we only need to show that if Ω is a compatible class on X, then the existence of an extremal Kähler metric in Ω implies the existence of a compatible extremal Kähler metric in Ω. Our following theorem suggests a way to prove Conjecture (1.6). [20] and Raza [25] .
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Notations and Setup
Let X be a n-dimensional toric variety and [ω] be a Kähler class of X. Then we obtain the corresponding Delzant polytope P through the moment map. The Delzant conditions show that
• For every facet P i of P , there exists an inward normal vector n i corresponding to P i .
• For each vertex v of P , there are exactly n facets P i 1 , . . . , P in meeting at v. Moreover, n i 1 , . . . , n in form a basis of Z n . Suppose P has d facets. Let l i (x) = x, n i +c i , i = 1, . . . , d and we choose c i properly such that l i (x) = 0 for all x ∈ P i . The Guillemin boundary conditions show that for any toric invariant Kähler metric, its symplectic potential u satisfies
• u is a smooth, strictly convex function in P .
• The restriction of u to each face of ∂P is smooth and strictly convex.
•
where f (x) is a smooth function onP . The scalar curvature of u on P is the Abreu's equation
The Calabi flow equation on the symplectic side reads
Following [24] , the modified Calabi flow equation on the symplectic side reads
where θ is an affine function satisfying Equation (1.1).
The modified Mabuchi energy defined in [13] is
where dµ is the standard Lebesgue measure and dσ is the standard Lebesgue measure divided by | n i | for each facet P i . It is known that the modified Calabi flow is the downward gradient flow of the modified Mabuchi energy (See e.g. [23] ).
L ∞ Control
In this section, we will prove 
Then there exists a constant C(C 1 , P ) depending only on C 1 and P such that max P u < C.
If X = CP 1 , the above theorem is trivially true. And when X is a toric surface, our theorem is proved in [23] . Thus we only consider the case where the dimension of X is greater than two. Without loss of generality, we can assume that we work in a standard model, i.e., O = (0, . . . , 0) is a vertex of P , x 1 , . . . , x n where 0 ≤ x i ≤ 1 for all i are the edges of P around O and P lies in the first quadrant. Guillemin's boundary conditions tell us that
where f is a smooth function up to the boundary. Our first observation is the following lemma:
Proof. Let
Hence we obtain the desired result.
It is shown in [14] that the norm of Riemannian curvature is expressed as As a corollary, we can simplify the expression of |Rm| at (x 1 , 0, . . . , 0).
Together with the above lemmas, we have Proposition 3.5. There exists a constant C > 0 depending only on C 1 , P such that
In terms of f , we have
.
Thus we obtain the conclusion.
Our next few lemmas show that we can also control | Proof. This is done by direct calculations. Let A be the matrix of (u ij ) without the first column and the second row. Then
where C depends only on C 1 and P .
Proof. Combining the previous results, we have
Notice that lim
Thus we have
To obtain our conclusion, we need to calculate
Let us assume that u reaches its maximum at O = (0, . . . , 0). Let
We further assume that B 1 ≥ · · · ≥ B n . We now try to control B 1 . 
where g(t) = f (l(t)) + Following the calculations in Proposition (3.5), we have
, we conclude that B 1 is bounded.
The second case we should deal with is ∂f ∂x 1 (0) < 0. Before we proceed, we observe the following lemma.
Lemma 3.9. Let Q be the facet of P in the x 1 · · · x n−1 plane. For every ǫ > 0, let Q ǫ be the set of points in Q whose distance is at least ǫ away from ∂Q. Then there exists a constant C depending only on ǫ, C 1 and P such that for any x ∈ Q u(x) < C, ∂u ∂x 1 (x) < C, . . . , ∂u ∂x n−1 (x) < C.
Proof. Let v be the restriction of u on Q. For any ǫ and any x = (x 1 , . . . , x n−1 ) ∈ Q ǫ , we want to show that v(x) is bounded by a constant depending only on ǫ, C 1 and P . If ∇v(x) = (0, . . . , 0), then for any y ∈ Q, v(y) ≥ v(x) > 0 by convexity. Thus v(x) is controlled by C 1 and P . Suppose ∇v(x) = (0, . . . , 0). Let l be the hyperplane whose normal vector is ∇v(x) and l(x) = 0. Then for any point y ∈ {l ≥ 0} ∩ Q, we have v(y) ≥ v(x) by convexity. Thus v(x) is controlled by ǫ, C 1 and P . It is easy to see that ∇v(x) is also controlled. 
,
). Notice that by Proposition (3.5), we have
Again we have
Thus
Notice that g(0) = V (0) ≥ 0. And g(
ln4 is bounded by Lemma (3.9). We obtain that B 1 is bounded.
We are ready to provide a proof of Theorem (3.1).
Proof of Theorem (3.1).
We parameterize the line connecting O to (
where g(t) = f (l(t)) − 1 2 t ln(n − 1). Notice that g ′ (0) is bounded by Proposition (3.8) and (3.10) . By Lemma (3.9), g ′ (1) is bounded. Similar calculations in Proposition (3.5) show that
Thus we obtain that g ′ (t) is bounded for t ∈ [0, 1]. Since V (1) is bounded by Lemma (3.9), we have that V (0) is bounded.
Proof of Theorem (1.3)
Let u (α) (t, x), t ∈ [−1, 0], x ∈ P be a sequence of modified Calabi flows on P satisfying:
• For any α, the Riemannian curvature of u (α) (t, x), t ∈ [−1, 0], x ∈ P is bounded by C 1 .
• For any α, u (α) (0, x) is normalized and
By the results of the previous section, we conclude that u (α) (0, x) is bounded for all α. Thus u (α) (t, x) is bounded for all α and t ∈ [−1, 0]. Let us fix a toric invariant background metric ω and let its symplectic potential be u. Also we let ϕ (α) (t) be the difference of the Legendre transform of u (α) (t) and u. Then Donaldson [16] shows that
Since the curvature is bounded, applying Theorem 5.1 of [9] , we obtain that the metric ω ϕ (α) (t) is equivalent to ω and the C 3,α norm of ϕ (α) (t), t ∈ [−1, 0] is uniformly bounded. Thus we can smooth ϕ (α) (t) for t ∈ [− 1 2 , 0] by Theorem 3.3 of [9] .
Our discussions lead to the following result: , 0]. Now we are ready for the proof of our main theorem.
Proof of Theorem (1.3).
Let u(t, x) be a one parameter group of symplectic potentials satisfying the Calabi flow equation and the Riemannian curvature is uniformly bounded along the flow. Then the corresponding modified Calabi flow is u(t, x)+t(θ−R). It is easy to see that the Riemannian curvature is uniformly bounded along the modified Calabi flow. For convenience, we still denote u(t, x) as the modified Calabi flow. Notice that the modified Calabi flow is the downward gradient flow of the modified Mabuchi energy. Since (X, P ) is analytic uniform K-stable, Proposition 5.1.2 of [13] tells us that the modified Mabuchi energy is bounded from below. Moreover, Proposition 5.1.8 of [13] tells us that there exists C 1 > 0 such that for each t ∂Pũ (t, x) dσ < C 1 ,
whereũ(t, x) is the normalization of u(t, x).
Let us pick a sequence of time t i → ∞ and we define a sequence of modified Calabi flows as
We add some affine function l (α) (x) to u (α) (t, x), t ∈ [−1, 0] so that u (α) (0, x) is normalized. We still denote the new modified Calabi flow as u (α) (t, x), t ∈ [−1, 0]. Let us pick a background symplectic potential u(x). Let ϕ (α) (t) be the Kähler potential which is the difference of the Legendre transform of u (α) (t) and u. Proposition (4.1) shows that after passing to a subsequence, the modified Calabi flows ϕ (α) (t), t ∈ [−1, 0] converges to a limiting modified Calabi flow
, 0], the modified Mabuchi energy of ϕ (∞) (t) is the infimum of the modified Mabuchi energy of u(t, x). So we conclude that for every t ∈ [− 1 2 , 0], ϕ (∞) (t) is an extremal metric. Let u (∞) (t) be the corresponding symplectic potential of ϕ (∞) (t), t ∈ [− 1 2 , 0]. Since ϕ (α) (0) converges to ϕ (∞) (0), the geodesic distance between ϕ (α) (0) and ϕ (∞) (0) goes to zero as α goes to infinity, i.e.,
It shows that there exists a constant C > 0 such that
Calabi and Chen [6] show that the geodesic distance is decreasing under the Calabi flow. It is easy to see that the geodesic distance is decreasing under the modified Calabi flow, i.e.,
We conclude that
is a bounded affine function on P . An immediate consequence is that the C 0 norm of u(t i ) is uniformly bounded. Let ϕ(t) be the difference of the Legendre transform of of u(t) and u. We conclude that the C 0 norm of ϕ(t i ) is uniformly bounded. We construct a sequence of modified Calabi flows as
Then the C 0 norm of φ (α) (t) is uniformly bounded for all α and t ∈ [−1, 0]. Since the curvature of φ (α) (t) is also uniformly bounded for all α and t ∈ [−1, 0], applying Theorem 5.1 of [9] , we conclude that the metric ω φ (α) (t) is equivalent to ω and the C 3,α norm of φ (α) (t), t ∈ [−1, 0] is uniformly bounded. Thus we can smooth φ (α) (t) for t ∈ [− 1 2 , 0] by Theorem 3.3 of [9] . Hence by passing to a subsequence, we obtain a limiting modified Calabi flow φ (∞) (t) for t ∈ [− , 0] are extremal metrics. Thus ϕ(t i ) converges to the extremal metric φ (∞) (0). By applying the results of [24] , we conclude that the modified Calabi flow ϕ(t) converges to the extremal metric φ (∞) (0) exponentially fast.
Proof of Theorem (1.7)
Let G be a maximal compact subgroup of the identity component of the reduced automorphism group of (X, J), i.e., Aut 0 (X, J). Also we let T be a maximal torus of G. Suppose ω 0 is an extremal metric invariant under G. Since (X, J) = P (E) → Σ and Σ is a curve of genus ≥ 2, we conclude that Aut 0 (X, J) ∼ = H 0 (Σ, P GL(E)). By Lemma 1 of [3] , E decomposes as a direct sum E = l i=0 E i , where E i is indecomposable and l = dim(T). Next we introduce the notion of admissible Kähler metrics. An admissible Kähler metric g is a type of the generalized Calabi construction [3] :
(1) g is invariant under T.
(2) Let ω be the symplectic form of g and z be the moment map:
where t is the Lie algebra of T. g is also rigid with respect to T, i.e., for any x ∈ X, i * x g depends only on z(x), where i : T → T · x ⊂ X is the orbit map. (3) The image of X under the moment map is a Delzant polytope P .
Notice that in our case, we can associate P with a toric variety
Since the torus action is rigid, we obtain the smooth complex quotientŜ ∼ = X/T c . Moreover, X 0 = z −1 (P 0 ) is a principal T c bundle overŜ, where P 0 is the interior of P . In fact, (X, J) can be obtained by blowing downX = X 0 × T c V →Ŝ along the inverse images of facets of P . In our case, we can writeŜ =
where each E i → Σ is a projectively-flat hermitian bundle with rank
4) g is also semisimple (see Definition 2 of [3] ). Then we conclude that the universal cover of (Ŝ, JŜ , gŜ) is the product of Kähler manifolds
where g i is a Fubini-Study metric with scalar curvature 2d i (d i + 1) and g Σ is a cscK metric. Let ω i be the Kähler form of g i and ω Σ be the Kähler form of g Σ . We fix a hermitian metric on E i whose Chern connection has curvature Ω i ⊗ Id E i with
We also let p Σ = (p 1 , . . . , p l ) ∈ R l ∼ = t. Now we want construct θ = (θ 1 , . . . ,θ l ) to be a principle T-connection associated with the principle T c -bundle X 0 overŜ. We letθ i be a connection 1-form for the principal U (1)-bundle overŜ, associated to the line bundle O(1) E i , with curvature dθ i = −ω i + Ω i . (5) Following the notation of [3] , we write the toric invariant metric on V = CP l as
where G is a positive definite S 2 t-valued function on P 0 , H is its inverse in S 2 t * . Moreover, ·, ·, · denotes the point-wise contraction t * × S 2 t × t * → R or the dual contraction. On P 0 , the Kähler metric g can be written as
where p j , 0 ≤ j ≤ l is the inward normal vector of the facets F j of P and we choose c j such that p j , z + c j = 0 on F j . We also choose c Σ such that p Σ , z + c Σ is positive on P .
A Kähler metric g in the form of (5.1) is an admissible metric. A Kähler class Ω is admissible if Ω contains an admissible metric. Notice that G = (u ij ), H = (u ij ), where u is a symplectic potential on P satisfying the Guillemin boundary conditions. The expression of the scalar curvature is calculated in [3] :
where
And the volume form is
where n is the dimension of X.
Since Scal Σ and Scal j , 0 ≤ j ≤ l are constants, we can run the Calabi flow on the symplectic potential level, i.e.,
The modified Calabi flow on the symplectic potential level is
where R ⊥ u = A, z + B + R u . We refer to [3] for the detailed expressions of the a-priori determined vector (or constant) A (or B). We start the Calabi flow from an admissible Kähler metric ω. Let u(t) be a one parameter group of symplectic potentials corresponding to a modified Calabi flow. Also let ϕ(t) be the Kähler potential which is the difference of the Legendre transform of u(t) and u(0). We express the extremal metric ω 0 as ω 0 = ω + √ −1∂∂ϕ 0 . Notice that the modified Calabi flow is just the Calabi flow pulling back by the extremal vector field [24] . Since the Calabi flow decreases the distance, we conclude that the modified Calabi flow also decreases the distance, i.e., d(t) = d(ϕ 0 , ϕ(t)) is a decreasing function in terms of t. Thus we conclude that there exists a constant C > 0 such that for any t > 0, P u(t) 2 p(z)dµ < C.
Then we have the following proposition.
Proposition 5.1. For every p ∈ P 0 , there exists a constant C(p) depending only on the Euclidean distance between p and ∂P such that for any t > 0, |u|(t, p) < C(p), |Du|(t, p) < C(p),
where Du is the Euclidean derivative of u.
Proof. Let P ǫ be the sets of points in P whose Euclidean distance to ∂P is at lease ǫ. Since p(z) is positive in the interior of P . We obtain Pǫ u(t) 2 dµ < C(ǫ),
where C(ǫ) is a constant depending only on ǫ. Applying Proposition 3.4 of [21] , we know that u(t) is bounded in the interior of P ǫ . Thus the Euclidean derivative Du(t) is also bounded in the interior of P ǫ by the convexity of u(t).
Proof of Theorem (1.7).
Let us assume that our Calabi flow starting from an admissible metric ω. Let u(t) be the corresponding symplectic potential of the modified Calabi flow. Proposition 8 of [1] shows that each leave V = CP l is totally geodesic in X. Thus the curvature is bounded on X implies that the curvature is bounded on P , i.e., there exists a constant C > 0 such that for any t > 0, p ∈ P , i,j,k,l u(t) ij kl u(t) kl ij (p) < C.
Proposition (5.1) and the proof of Theorem (3.1) tell us that there exists a constant C > 0 such that for any t > 0,
Then Donaldson [16] shows that |ϕ(t)| L ∞ < C.
Applying Theorem 5.1 of [9] , we conclude that the metric ω ϕ(t) = ω + √ −1∂∂ϕ(t) is equivalent to ω and the C 3,α norm of ϕ(t) is uniformly bounded. By the smoothing property of the Calabi flow, i.e., Theorem 3.3 of [9] , we can uniformly control the C ∞ norm of ϕ(t). Corollary 2.2 of [24] shows that the modified Calabi flow converges to an extremal metric. Moreover, Theorem 1.5 of [24] shows that the convergence is exponentially fast.
